
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



ON SOME PROPERTIES OF GENERAL MANIFOLDS RELATING 
TO EINSTEIN'S THEORY OF GRAVITATION. 

By J. A. Schouten AND D. J. Struik. 

In two very interesting communications in this Journal* Mr. E. 
Kasner recently deduced some properties of the four-dimensional manifolds 
for which C? M „ = 0. Now it is possible to demonstrate two of these proper- 
ties in a very short way for re-dimensional manifolds without calculating 
any three-index -symbol, as a direct consequence of some general theorems. 
Further it is very easy to give a generalization for manifolds, which obey 
not Einstein's gravitational equations but the more general equations of 
de Sitter for a quasi-spherical world. 

By V n is meant a general manifold of n dimensions, by R n a euclidear 
one, by S n a manifold with constant Riemannian curvature and by C n a 
manifold which is conformally representable on an R n . 

1. In a recent publication t one of us showed that the necessary and 
sufficient condition for n > 3, that a V n is a C n , is that the curvature-tensor 
(Riemann-Christoffel-Tensor) B P)iVa can be written in the form: 

(1) "wra = ^ (dpr-L^ Qp.vJ-'pa Qpa^ixv ~T (jp.ir^'pv) ', 

n — 2 

p, n, v, a = a-i, • • ■ , a n 

where L^ is any symmetrical tensor. From this we conclude 

(2) <?„= -Z„--J-_£ p ^', 

and 

(3) L " = ~ G "+2(jh\) G '*'- 

Hence B pllv<r vanishes for a C„ if £?„„ vanishes: 

Of all C n the only ones for which G„ v = are R n . 
For n = 3 B piiva has always the form (1), hence: 

Every V 3 for which £?„„ = is an R s . 
This theorem can be generalized in the following way. If 

(4) G„„ = X,9 M „ 

* Am. Journal of Mathematics, 43 (1921). 

t J. A. Schouten, "Ueber die konforme Abbildung n-dimensionaler Mannigfaltigkeiten 
mit kwadratischer Maszbestimmung auf eine Mannigfaltigkeit mit euklidischer Masz- 
bestimmung," Math. Zeitschr., 1921, pp. 58-88. 
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(in relativity the equation of de Sitter for a quasi-spherical world) from (3) 
follows 

(5) Z '" = "2( B tt -1)^"" 
and thus: 

(6) B PIIV , = — _ (&,„&,„ — 9*»9p<, — 9k°9v> + 9*>9pv) 

= - 7 (9^9^ - g^g^o)- 

n — 1 

Now it is a well-known theorem that B Pliy<r being of this form the V„ is 

an S„: 

Of all C n the only ones for which (?„„ = X<7„„ are S n . 
Every V 3 for which G vv = Xp^ is an S$. 

2. If a V„ is imbedded in a Vn+i, and if the indices /x, v, p, a belong to 
the fundamental variables in the first manifold, then the generalized 
theorem of Gauss is: 

where B Plll „, is the curvature-tensor of the V„, B pliV J the curvature-tensor 
of the V n+ i and h„, the (symmetrical) second fundamental tensor of the 
V„ with respect to the V n+ \* Now if the V n+ i is an R n +\, B' Pltva = and 
from (7) we get: 

(8) (?„„ = g>%Xu - hX 
where 

(9) h = /v<r- 

Now we introduce a system of rectangular coordinates in the principal 
directions of the symmetrical tensor A„„, which are, according to (8), 
also the principal directions of G>. Let the orthogonal components be 
denoted by the indices i, j = 1, • • •, n. Then G> has n (real) components 
Gu, and h„ v has n (real) components ha, the components £?#, ha, i =(= j 
being zero, and (8) becomes 



(10) Gu = kuhii — ha £ h 

i 



i » 



where no summations are to be taken that are not indicated by the sign 2. 

If now (?„„ = 0, we get from (10) that either all components h» vanish or 

all components ha but one, in both cases from (7) follows that B Pliva vanishes. 

Thus: 

*See the above cited paper p. 24, or Bianchi-Lukat, Vorlesungeniiber Differential- 
geometrie, first edition, p. 623, or G. Ricci, Atti Acad. Lincei (1902), p. 359. 
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No V n with G> = 0, thai is not an R n , can be regarded as imbedded in an 
jRn+i. The R n is either flat or developable. 
This theorem can also be generalized. If 



G„, — X<7 M „, GpJ — \'g, 



t * 



where G,J belongs to the Vn+i, then (10) gets the form: 

i » 

X — X = huhii — ha 2-i "'jj' 

i 

For n = 2 hu and A 2 2 are not determined by these equations. For n =j= 2 
it is easy to prove that the only possible solutions are: 



, \m! - 1 



hu = • • • = h mm = ± \ (X — X'), 



k 



m+l. w+1 — 



= h nn = =fJ-, J(X-X'), 

v m — 1 



m' = n — m; m = 0, 2, 4 for ?i = 4, 

m = 0, 2, 3, ■ ■ ■, n — 2, « for n > 4. 

For these manifolds the generalized Codazzi-equationst give the follow- 
ing results : 

If for a V n in C n+ i hu = ■ ■ ■ = h mm is a complete group of equal principal 
orthogonal components of the second fundamental tensor, then the corresponding 
congruences of principal curvature form a V m with only umbilical points with 
respect to the C n+ \. If the CVh is a S n +i the value of hu = • • • = h mm on 
each of the °o n ~ m V m remains constant. If hu = • • • = hmm remains constant 
in the V n , the <x> n ~ m V m are geodesic in the V n . 

In 'consequence of these theorems and the above-mentioned solutions 
we can prove the theorem : 

A V n with G„ v = X<7„„, that is imbedded in an Sn+i, n> 3, is either a 
manifold with only umbilical points (a hypersphere) or it contains ^> n ~ m V m 
and also <x> m Vn—m with only umbilical points with respect to the 8 n +i, where 
m may have the values 2, • • • , n — 2. The V m are geodesic with respect to 
the V n and the value of the principal radii of curvature remains constant on 
the V n - 

Also it can be proved that each of the above-mentioned V m is imbedded 
in an Sm+i that is geodesic in the Sn+i and each of the V n - m in a geodesic 

Hence a V4 in S & with G„„ = X<7 M „ contains two systems of £2 with only 
umbilical points, which have all the same curvature. 

* For a V2 in S3 these equations are identities, 
t Compare Ricci, I.e. 
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3. The first theorem mentioned under 1 is a special case of a more general 
theorem.* 

If a V n with fundamental tensor g„ v is represented conformally on a V„ 
with fundamental tensor '(/„„: 



(11) 'g„p = <r x g»„ 



r-'g 

then we can deduce for the curvature-tensors B.„ m and '5 P „ W of both V n : 



where 

(13) p,,, = 2v + v - IWfc 

= \^_ 

S " adx»' 
From (11) follows: 

(14) 'G„ r = G> + f (2p M „ - g„ v p - np^). 

Now when G> = and 'G> = from (14) we get p^ = 0, hence 

When two V n with G„ v = are conformally representable on each other the 
Riemann-Christoffel curvature-tensors are equal. 

Delft, Holland. 

* Schouten, ab. cit. p. 79. 



